Abstract: We investigate lifetime (induced dipole-dipole interaction) of spontaneous parametric four-wave mixing (SP-FWM) and multiorder fluorescence (FL) signals controlled by polarization dressing in a heteronuclear-like molecule system of Pr 3þ :YSO. The comparisons between a lifetime of SP-FWM and multiorder FL controlled by single dressing, double dressing, and triple dressing polarization have been investigated. It is observed that FLs have a stronger dressing effect than SP-FWM. The polarization dressing is more obvious in the intensity signal in the spectral domain than that in the time domain. Such results have potential applications in quantum communication such as optical information storage, routing, and processing on a photonic chip.
Introduction
In recent decades, quantum coherence excitation and coherence transfer have been thoroughly studied in rare-earth ion doped crystals (like Pr 3þ :Y 2 SiO 5 ) which exhibit various advantages for coherent excitation. Recent progress in research related to atomic coherence in solid-state materials include electromagnetically induced transparency (EIT) in solid materials [1] - [3] , light velocity reduction and coherent storage [4] , optical velocity reduction [5] , all-optical routing based on optical storage [6] , [7] , and controllable erasing of optically stored information [8] . In atomic system, polarizations of the incident laser beams play important role in atomic transitions of multi-Zeeman energy-levels. Therefore, EIT processes can be controlled by selecting different transitions among Zeeman sublevels via the polarization states of the laser beams [9] . The absorption and fluorescence spectra with the different polarizations of probe and pump fields have been studied theoretically and experimentally [10] - [12] . The enhanced four-wave mixing (FWM) based on atomic coherence [13] , [14] and interference between FWM and six-wave mixing (SWM) channels [15] have provided bases for potential application. Meanwhile, the fluorescence spectrum offers an effective method to investigate the lifetime of population and excitation process. To realize practical application such processes are required to be controlled reliably.
The aim of this paper is to investigate lifetime of FL and spontaneous parametric FWM (SP-FWM) controlled by polarization in Pr 3þ :Y 2 SiO 5 crystal. The comparisons between lifetime of SP-FWM and multi-order FL controlled by polarization of single dressing, double dressing, and triple dressing are investigated. The polarization states of generating fields and dressing fields are modulated by half-wave plate (HWP) and quarter-wave plate (QWP).
Experimental Scheme and Basic Theory

Experimental Scheme
To implement this experiment, the sample is held in a cryostat (CFM-102) with a temperature 77 K. The Y 2 SiO 5 crystal is doped with rare-earth Pr 3þ ion with doping concentration of 0.05% to form Pr 3þ : Y 2 SiO 5 . Under the action of crystal field of YSO, the triplet energy-level 3 H 4 and singlet energy-level 1 D 2 split into nine and five stark components, respectively. The Pr 3þ impurity ions occupy two nonequivalent cation sites (denoted as sites I and II) in YSO crystal lattice. Considering the two nonequivalent cation sites, we can construct a simplified energy-level diagram for Pr 3þ ion associate with the energy band for YSO crystal where the energy-level of site I is labeled without asterisk and the one for site II is labeled with an asterisk as shown in Fig. 1(a) . Three tunable dye lasers (with a 0.04 cm À1 line-width) pumped by an injection locked singlemode Nd:YAG laser (Continuum Powerlite DLS 9010, 10 Hz repetition rate, 5 ns pulse width) are used to generate the pumping fields E 1 ð! 1 ; Á 1 Þ, E 2 ð! 2 ; Á 2 Þ and E 3 ð! 3 ; Á 3 Þ with frequency detuning Á i ¼ mn À ! i , where mn is the transition frequency between level jmi and jni. E 1 , E 2 and E 3 drive the transitions j0i $ j1i, j0i $ j2i and j3i $ j1i, respectively. Fig. 1(b) shows Inverse N-type (IN-type) system constructed by V-type ðj0i $ j1ij2iÞ and Ã-type ðj0ij3i $ j1iÞ system. The fields E 2 and E 3 counter-propagate with E 1 , and these fields are in xy -plane, as shown in Fig. 1(c) . The controlled results are monitored by two photomultiplier tubes with a fast gated integrator. Vertically polarized E 2 and E 3 propagate in the opposite direction of E 1 . The propagation directions of horizontally polarized beams SP-FWM1 (Stokes signal) and SP-FWM2 (anti-Stokes signal) are opposite and have a small angle ð$ 0:5 Þ with E 1 and E 2 . In this experiment, we use HWP and QWP to change polarization of E 1 , E 2 or E 3 and three photomultiplier tubes (PMT1, PMT2 and PMT3) are used to detect SP-FWM1, SP-FWM2, and FL signals, respectively. When we scan laser frequency, we get spectral signal, and when we fix laser frequency, we get the time domain signal. Fig. 1(d) shows transition paths and Clebsch-Gordan (CG) coefficients at different laser polarization states.
Polarization Theory of Multi-Order FLs
For understanding the influences of polarization on lifetime, we report experimental observations which can be effectively controlled by the polarization states of the pumping laser beams using a HWP and QWP in front of the FL and SP-FWM signals. Due to the periodic change of the polarization states of the pumping beam, the intensity of the beam also changes periodically. Fig. 1(d) shows transition paths and CG coefficients at different laser polarization states. When the polarization state of a field is changed from right-circularly polarized beam into linearly polarized beam by a QWP, different polarized beams can excite different transition paths among Zeeman sublevels. In this case, CG coefficients associated with the various transition paths play an important role for calculating the intensities of FL, since it makes the electric dipole moment ij and Rabi frequencies G i different. The total FL signals are the summing contribution of each transition path. Here, we study FL, SP-FWM intensity and their lifetime in different level system.
Two-Level System
We will use HWP and QWP polarization to study FLs intensity and their lifetime. In two-level system, FLs are controlled by opening field E 1 only and changing its polarization by HWP. The second-order FL can be expressed via Liouville pathway, two perturbation chains can be written
11 and
11 , respectively. Thus, from each perturbation chain, one can obtain the corresponding density matrix elements, which are conjugate parameter for each other. The density matrix elements proportionally determine the intensity of FL 
which is obtained from two-level perturbation chain. When the polarization is 45 0 , the FL signals become circularly polarized, and the expression of density matrix element can be written as
The density matrix element [see Eq. (1e)] is used to describe the intensities of the FL signals in two-level system that is I Q C1 ðtÞ ¼ j 
Ã-Level System
This system is formed by opening E 1 and E 3 . The FLs are controlled by changing polarization of E 3 by HWP. The fourth order density matrix element 
11 as 
H Ã Þ are powers. Next, QWP will be used to change E 3 polarization in Ã-level system. The perturbation chain and expression of density matrix element can be given as
11 so
where 
. The density matrix element for right circular polarization is
2 .
À 3 ðMÀ1Þ 3 ðMÀ1Þ
2 3 Ã sin 2 3 Þ are linear polarization and right circular polarization components of field E 3 , respectively. If there is no change in polarization of E 3 field by QWP then Áv 3 / jG 3 j 2 .
V-Level System
This system is formed by opening E 1 and E 2 . The polarization of E 2 is changed by HWP.
There are two ways to represent fourth order density matrix element 22 so that 
Next, we use QWP to change E 2 polarization for controlling FL signals in V-level system. The perturbation chain of this system is given as
11 ; Path 2:
22 :
The density matrix element expressions for linearly polarized field are
Intensities for this system can be obtained from Eqs. (3c) and (3d) as I Q L2 ðtÞ ¼ j
is decay rate. The density matrix element for right circular polarization can be written as
where jexpðÀÀ FL2 t Þ, where the decay rate is
N-Level System
Here E 1 , E 2 , and E 3 are opened to form N-level system. There are two cases: In the first case, we change polarization of E 2 with HWP by keeping E 1 and E 3 constant. In second case, we change polarization of E 3 with HWP by keeping E 1 and E 2 constant. The sixth order density matrix 
11 ; therefore, we have 
is decay rate obtained from perturbation chain. The density matrix element for circularly polarized FL signal can be given as
The intensities for this system can be obtained from Eq. 
where decay rate is
In the second case, we change the polarization of E 3 while keeping E 1 and E 2 constant.
11 : The density matrix element can be given similarly as in Eqs. (4b) and (4c).
Polarization Theory of SP-FWM process
As in Fig. 1(a) , SP-FWM stokes and anti-stokes are coexisting with FL signals. Stokes and anti-stokes modulated by HWP in SP-FWM process will be discussed at different level systems.
Two-Level System
In this system, the SP-FWM process stokes and anti-stokes are expressed via Liouville pathway, two perturbation chains can be written as 
Ã-Level System
In this system, the beam E 1 and E 3 are opened to form Ã-level system and E 3 polarization is changed to control SP-FWM signals. The SP-FWM process stokes and anti-stokes are expressed via Liouville pathway, two perturbation chains can be written as 
where
V-Level System
In this system, E 1 and E 2 beams are opened to form V-level system and E 2 polarization is changed to control SP-FWM signals. The SP-FWM process stokes and anti-stokes are expressed via Liouville pathway, two perturbation chains can be written as 
Experimental Results and Discussions
First, we will discuss HWP polarization in the two-level, Ã-type, and V-type three-level system. Here, second-order FL signals are investigated in the two-level (single dressing) system. Figure 2 (a1) shows the FL spectral signal at different polarization angles with one pumping field E 1 . Two peak structure (Autler-Townes (AT) splitting) of each FL curve results from the dressing effect of pumping field E 1 . The suppressed dip appears at resonant point Á 1 $ 0. The dressing effect and baseline of FL signals are dashed-curve and dotted-curve, respectively, shown in Fig. 2(a1) . The dressing effect is given by G 1 j 2 =d 10 (self-dressing clearly that the dressing effect of E 1 is greater at horizontal polarization than that at vertical polarization. When E 1 frequency is fixed at resonant point ðÁ 1 ¼ 0Þ, the second-order FL signal in the time domain is obtained, which is shown in Fig. 2(a2) . The peak intensity of each curve is proportional to the second-order FL at Á 1 ¼ 0 determined by j Fig. 2(a3) is calculated from each curve of Fig. 2(a2) , which is determined by
. The lifetime curve [see Fig. 2(a3) ] is measured from intensity of dressing effect in spectral signal as shown by dashed-curve Fig. 2  (a1) . Therefore, lifetime curve is reciprocal to AT-splitting curve (dashed-curves) in Fig. 2(a1) . In weak power region when power increases decay rate also increases but lifetime decreases due to induced dipole-dipole interaction of states H-H and D-D, respectively. Fig. 2(b1) gives the FL signals in Ã-type three-level system (double dressing) and the polarization angle of the dressing field E 3 is changed by HWP. The baseline (dotted curve) and the FL suppressed dip (dark state) or AT-like splitting (dashed-curve) of FL signals decrease with change in 3 from 0 to 45 shown in Fig. 2(b1) . As described in Eq. (2a), baseline and suppressed dip can be interpreted by the effect of generation jG 3 j 2 A 3 and the dressing term jG 1 j 2 =d 10 and jG 3 j 2 A 3 =À 33 , respectively. It can be observed from Fig. 2(b1) that the dressing effect is greater at 0 than that at 45 . The fourthorder FL signal in time domain is shown in Fig. 2(b2) . The peak intensity of each curve is proportional to the fourth-order FL at Á 1 ¼ 0 determined by density matrix element from time domain intensity I H 3 ðtÞ ¼ j ð4Þ 11 jexpðÀÀ FL3 t Þ. The FL lifetime in Fig. 2(b3) is determined by
11 . The lifetime curve is opposite to fourth-order FL signal peak intensity. In weak power region when power is increased decay rate increases but its lifetime decreases. Figure 2(c1) shows the FL signals in V-type three-level (double dressing) system, where polarization angle of the dressing field E 2 is changed by HWP. The baseline (dotted-curve) and suppressed dip (dashed-curve) of each signal decrease gradually with change polarization angle 2 from 0 to 45 shown in Fig. 2(c1) , which indicates that the site II has weaker dressing effect than site I. As described in Eq. (3). The baseline is interpreted by the generation effect of jG 2 j 2 A 2 in numerator while dressing effect is interpreted by jG 1 j 2 =d 10 and jG 2 j 2 A 2 =À 22 in denominator. It can be observed from Fig. 2(c1) that the dressing effect is greater at 0 than that at 45 . The fourth-order FL signals in time domain are shown in Fig. 2(c2) . The peak intensity of each curve is proportional to the fourth-order FL at Á 1 ¼ 0 determined by density matrix element from time domain intensity I . The lifetime curve is reciprocal to dashed-curves of Fig. 2(c1) . In weak power region when power increases decay rate also increases but its lifetime decreases.
Thus, horizontal polarization states (0 and 90 ) have more dressing effect as compared with vertical polarization states ðAE45 Þ using HWP. The dressing effects (dashed-curve) in the two-level system [see Fig. 2(a1) ] and Ã-type system [see Fig. 2(b1) ] are drastically decreasing than V-type system [see Fig. 2(c1) ], which indicates that two-level and Ã-type level system are more sensitive to dressing than V-type system. Second, in Fig. 3 , we will use QWP in two-level (single dressing), Ã-type and V-type three-level system (double dressing) to calculate lifetime in FL spectral signals.
Here, QWP is used to change the polarization states of pumping field. Figure 3(a1) illustrates the FL spectral signals in a single beam two-level (single dressing) system, the polarization of E 1 is changed from 0 to 45 ð 1 Þ with QWP. We can see FL baseline (dotted-curve) and AT splitting or dressing effect (dashed-curve) in Fig. 3(a1) change from strong to weak, which is determined by transition paths and CG coefficients at different laser polarization states as shown in Fig. 1(d) which will be discussed in detail later. Since, E 1 is not only the dressing field but also the generating field for FL, we should simultaneously consider the self-dressing role and generating role. The Rabi frequency G 1ðMÞ linearly polarized state is greater than G Figure 3(a3) , which is determined by
for linear and circular polarization states, respectively. In the weak power region when power is increased, decay rate also increases but its lifetime decreases due to induced dipole-dipole interaction of states H-H and D-D, respectively. Figure. 3(b1) illustrates the FL spectral signals in a Ã-type three-level (double dressing) system. For FL, when the polarization state of E 3 changes from circular to linear and then to circular polarization state (the QWP changes from À45 to 0 and then to 45 ), we can see FL baseline (dotted-curve) and AT splitting (dashed-curve) change from weak to strong and then back to weak. Therefore, baseline and AT splitting are decided by G 3ðMÞ in numerator and
nator of Eq. (2b), respectively, which are stronger at 0 than at AE45 . Figure 3(b2) shows the relative intensity of FL signal in time domain. Intensities for circular and linear polarization states are expressed by Eqs. (2b) and (2c), respectively. The fourth-order FL signals are shown in Fig. 3(b2) . The peak intensity of each curve is determined by density matrix element from time domain intensity I is attributed by self-dressing E 2 ðjG 2 j 2 A 2 =d 12 Þ and double external-dressing by E 1 ðjG 1 j 2 =d 10 Þ and E 3 ðjG 3 j 2 A 3 =d 31 Þ. Figure 4 (b) has weaker dressing than Fig. 4(a) . Figure 4(c1) illustrates the FL spectrum signals in an N-type four-level system when the field E 2 is changed by QWP. For FL, when the polarization state of E 2 changes from left-circular polarization to linear polarization and then to right-circular polarization (with QWP polarization from À45 to 0 and then to 45 ), we can see both FL baseline and AT splitting change from weak to strong and then to weak. The baseline (dottedcurve) and AT splitting (dashed-curve) are decided by G 2ðMÞ in numerator and jG 2M j 2 =ðÀ 2 M 0 M þ iÁ 2 Þ in denominator of Eq. (4b), respectively, those are stronger at 0 than at AE45 because of Rabi frequency for linear polarization is greater than circular polarization, i.e., jG 1ðÀ5=2Þ j ¼ ffiffiffiffiffiffiffiffi Fig. 1(d) ]. Figure 4(c2) shows the peak intensity of FL signal which decreases and then increases with change in polarization angle form À45 to 0 and then to 45 . The peak intensity of each curve is determined by density matrix element from time domain intensity I (by changing E 2 polarization) has stronger dressing effect than V-type three-level system (by changing E 2 polarization) because of self-dressing (due to E 1 ) and double external dressing (due to E 2 and E 3 ). N-type four-level system (by changing E 3 polarization) has weaker dressing effect than Ã-type three-level system (changing E 3 polarization) because of destructive dressing effect. Finally, we will use HWP in two-level, Ã-type, and V-type three-level systems to calculate the lifetime of SP-FWM signals.
Figure 5(a1) shows the SP-FWM signals at different polarization angles with one pumping field E 1 in the two-level system. The baseline of each signal is the non-resonant SP-FWM signal Fig. 5(a1) is proportional to the SP-FWM at Á 1 ¼ 0 determined by ð2Þ 11 ðE 1 Þ which is similar with Fig. 5(a2) . The SP-FWM signals lifetime curve as shown in Fig. 5(a3) is determined from AT-splitting effect (dashed-curve) as shown in Fig. 5(a1) . Therefore, lifetime curve in Fig. 5(a3) is reciprocal to dashed-curves (AT-splitting) in Fig. 5(a1) . In the weak power region when power is increased, its lifetime decreases due to induced dipoledipole interaction of states H-H and D-D, respectively. Figure 5(b1) shows the SP-FWM spectral signals in Ã-type three-level system. The baseline (dotted-curve) increases and then decreases but SP-FWM signal amplitude decreases with change in polarization angle 3 from 0 to 45 . The SP-FWM signal amplitude is described by y G 3 sin2 3 and G 3 x cos2 3 in the numerator and jG 3 j 
Conclusion
In summary, we have presented lifetime of multi-order FL signals and SP-FWM which are controlled by polarization of HWP and QWP in a heteronuclear-like molecule system of Pr 3þ :YSO. The comparison between lifetime of SP-FWM and multi-order FL controlled by polarization single dressing, double dressing and triple dressing are investigated, and it is observed that SP-FWM processes are less sensitive to polarization dressing than second-order FLs because SP-FWM has a higher decay rate. The polarization dressing is more obvious in the intensity signal (obtained from scanning laser frequency) in the spectral domain than that in the time domain (obtained by fixing laser frequency). Such results have potential applications in quantum communication and optical information processing on a photonic chip.
